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Insertion Sort, Proving Correctness, Run time analysis, Merge 
Sort, Quick Sort 

1 Introduction to Sorting - Insertion Sort (CLRS §2.1, 2.2) 
Input: 

Goal: 

How do we write the algorithm? 

 
1.1 The algorithm in words 

 
 
 
 
 
 
 
 
 
 

1.2 Pseudocode 

array Als ...n] ofa number
in case of repeated

Sort in non decrender.
7 elements (doesn'te

strictly increase)

Scan thearray
from lefttoright.

For each position is insert Alj] into
its correct position in AT1...j] by
moving all elements larger than

Atj) one position tothe right

1. for j =2 to n:

2.

3. =Y
is

4. while is 0 and Ati]Key:

5. A[i+] =A[i] Imove elementI -

one position tothe

↳. (E i - 1 right
7. A [+1] &key
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2 Proof by Induction, Loop Invariants, and Proving 
Correctness 

• Proof by induction: We want to prove some statement P(n) for integers n ≥ 0. 

1. Base case: 
2. Inductive step: 

 
 
 
 
 
 
 

3. Conclusion: P(n) holds for all integers n ≥ 0. 

 
• Loop invariant: A property that holds throughout the execution of the algorithm 

1. Initialization: 
2. Maintenance: 

 
 
 
 

3. Termination: When the loop terminates, the  invariant gives useful property that 
helps show that the algorithm is correct. 

 
Our loop invariant for insertion sort: 

CornNYProve Plo) or P(1) i.e, nx,

n=k- 1

i.e. · Inductive hypothesis:Assume P(n) holds for n=K
show E

P(K)

In=0,1,.,k]
P(k) · Goal:Show P(K+1) holds &strong induction

+1) WARNING! DO NOT assume P(K+1) and "work
backwards"

toa true statementfortheformal proof.

mathematical inductionprinciple
of

loop invariantholds prior tothe firstiteration
of

the loop

Ifthe loop invariant
is true before an iteration

ofthe loop, then itremains
true before thenext

iteration.

the enAt di
Atthe beginning of the jth iteration (or ·=n+1

equivalently, the end of j-1stiteration) I
-
-

A[1...j-1] contains the elements that
were originally there, but in sorted order.

1. for j =2 to n:

"Termination"if loop invariantholds 2. key *Atj]
-

3. itj- 1

atthe end ofthealgorithm, 4. letitat liketheittells us theoutputis correct. 5.

claim:Loop invariant
holds for j =2,3,4, ..., E.

n+1.
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2.1 Proof of correctness of Insertion Sort 

By induction.

Firstbecase of induction ("initialization")
when j=2, Al] is just

one number and is

inductive

therefore sorted. ↓ hypothesis.

ImationStep ("
maintenance") Asiethe

logariantholds for j. We will prove
it

holds for j+1.

By assumption
AT1...j-1] is sorted.

During the ith
iteration,

we
insertAtj) into

its correctposition.
Therefore, after the

ith iteration,
AlI....j] are

sorted, so
the

loop in
variantholds atthe end ofthe 5th

R
iteration.

S =St.
=100 x10 I

S =
01
2
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3 Introduction to analyzing running times 
Example 

 
 
 
 
 
 
 
 
 

3.1 Running time of insertion sort 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

n steps

Sts In steps?

3n steps?

O(n)

1. for j =2 to n:

Actually mean "worst
case"

3. itj- 1 32. key *Atj] C

Ik I citj) 4.

I I while is0 and Ati]Key:a number ofiterations
5 IA[i+] =A [i] 3 CI
↳. ici - 1

j =2 jS ofthe while loop 7. A [+1] &key

some constants

(maybe
e=3,2 =2)

n- literations
j =2, . . . , n

->

n

--(c +xj) =e(n - 1) -EasT
worst
case:I

=2

tjt] =x(n-x) +c((+) - 1)
= In2 +(2 +I(n - x +c)

=O(n2)-runto
Motivation Jn"="in h=



-



n=N

Let KEN

inductive step
-

Inthis:
Assume

i=1

wanttoshow

ate
i =1

Assumes
& WhatweTs k,,+27 st

-i =2i +(k+1)O
i=1 i

=
1

the
-() +(x+y bductive

hypothesis
I

.....
- -

=
(Mk+2)
2
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4 Growth of Functions and Asymptotic Behavior (CLRS §3.1) 
Goal: Establish notation that enables us to compare the relative performance of different 
algorithms. 

 
 

Definition • T(n) = O(g(n)) means there exists c > 0 such that T(n) ≤ cg(n) for sufficiently 
large n. 

 
 
 
 
 
 

• T(n) = Ω(g(n)) means there exists c > 0 such that T(n) ≥ cg(n) for sufficiently large n. 

 
 
 
 
 
 

• T(n) = Θ(g(n)) means there exists c1, c2 such that c1g(n) ≤ T(n) ≤ c2g(n) for sufficiently 
large n. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

*

arge inputsizes

a "nice"function (one term,no constant)
factors

⑦ *
(Big-oh)
T is bounded above by g asymptotically

&

⑱



Truet=0n-P

=O
=

&Stake
2=1, n=1000

-

e- & =false
-

6
-

& truetonegation: False
For all 270, No>O
- False

there exists some npho =

- - n +1

such thatloons (n 0 True

↑ -falsetIn

100n2 = 0 (n)
44 =(22) =2

Take

n -,

usmaxsa,noblein
ore

nin (n

100n2>100Cn

>Ch n+n*=cntfor n=

c
=2

/ My = I



4n =0(2) zzn=24:2n
-

Let 230, no >0

want toshow d
4- C. 2"for all isno
W -

n

want2.2" 7 C 2

L
tch)

/Scra
-
2.2" 22" if n > c
-

= C

amaxEC, nob

2" =24

2.2"22"

4 224
-

<
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4 Growth of Functions and Asymptotic Behavior (CLRS §3.1) 
Goal: Establish notation that enables us to compare the relative performance of different 
algorithms. 

 
 

Definition • T(n) = O(g(n)) means there exists c > 0 such that T(n) ≤ cg(n) for sufficiently 
large n. 

 
 
 
 
 
 

• T(n) = Ω(g(n)) means there exists c > 0 such that T(n) ≥ cg(n) for sufficiently large n. 

 
 
 
 
 
 

• T(n) = Θ(g(n)) means there exists c1, c2 such that c1g(n) ≤ T(n) ≤ c2g(n) for sufficiently 
large n. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

T(n) =5.5n2 +7.789n

complicated
a "nice"function
· =2=y

I S

⑰
- Big-oh)

-

Really 0 (g(n)) is asset A no? I such that In no

-

olgin)
=[f:NsIR/52>0 Flarge enoughn, f(n)-(g(n) 3

"There exists"T(n)"= "g(n) T(n) does notgrow
g(u) is an asymptotic rebound

for Tin),
fasterthan gin age

-⑬" comega)
-

T(ul", "gIn)
gine is an asymptoticlone

isol

.ausianan"e↳Little-oh)

T(n) is negligible in comparison tog(n).

Rewif--e(g(n))and ft0(gIn))
then ft 0(g(n))
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Example 

• polynomials 
 
 

• n log n 
 
 

• 2n log n 

 
 

• 3n 

 
 

• 3n + 2n 

 
 
 

4.1 Proofs involving order of growth 
Claim. f ∈ O(g(n)) if and only if g ∈ Ω(f(n)) 

Proof. 

could be complicated

en

- quadratic for any axo, b,
c an2+bn+ c t(n2)

A

-more generally denk+ak-n**+...
+dot g (nK 3 nice

simple
ak> 0 function

z =0(n2)
/im () =0

in fact:logn =0 (n) for any 2>0 n-i

for little-oh)

- Eo(z)
nota constant

factor

but:

*O(2n) 3 =r(2)
3" +2

=

3 +3
e

For all n, I - ↓
-

(24.3 = 3 +2e

added for posted notes (didn'tinass
I we'll show if + - 0 (g(ni) then

g
=-e/f(n)) (=>)

Assume ft O(gin). Then for all a sufficiently large,
f(x) = cg(n) for some 270.

Then for all a sufficiently large,

g(n) -Ifini

thus there exists a namely ci
=E) such thatfor a

sufficiently large, g(n)).
Hence gt-2 (f(n)).

i.e. lower bound up
t

H

(E) Similar exercise for you totry! Constantfactor
for sufficiently large n. S
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Example 3n3 + 5n2 + 10643n ∈ Θ( ) 

 
 
 
 
 

Example Give an example of T(n) and g(n) such that T(n) * o(g(n)), but T(n) = O(g(n)). 

 
 
 
 
 

Example 5n2 + 11 ∈ o( ) 

 
 

4.2 Asymptotic notation in equations 
A set in a formula represents an anonymous function in that set. 

Example f(n) = n3 + O(n2) 

 
 
 
 
 
 

Example n2 + O(n) = O(n2) 

1.n =3n +5n2 +3n for n >0

4n3

3n +5n2+10643n <cn ↓

n=1 +2 +10 -> b.108c =4

)
-

Role:little-oh isT(n) =2n2 lim E =2 =0
stronger condition

g(n)
=n2

n-i
than big-oh.

- 3
or o(n') or 012")n

(A
(little-oh)

Remark.
-

, fzt0(g(n)
=>f, +fz t 0(g(n)Y

means teexists h(m) =0(n2)
2n =0(n2)

such thatf(x) =n +h(n)
for large

e.g. if f(x)
=n +2n, since in

or

enough n,
2n2n

7 (2
=2,n=10,

f(x) =n3 +0(n2).

convention:implicit"for all"on left hand side ofequalsEand "there exists"on theright hand side.
meansforanyons=OM, there exists

h(n)-De
2

intuitively:adding on any linearterm toa quadratic
results in still bounded above by some quadratic.
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5 Using a Loop Invariant to Prove Stability 
Definition A sorting algorithm is stable if objects with equal keys appear in the same order in 
the sorted output as in the unsorted input. 

Example 

 
 

5.1 Stability Proof for Insertion Sort 
Let i and j be indices with i < j such that A[i].key = A[j].key. We will show that their final positions 
i′ and j′ at the end of insertion sort satisfy i′ < j′. 

Loop invariant: 

 
Initialization: 

Maintenance: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Termination: 

itx)
City ofMergeSurt

in the sorted outputofa stable
- -

sorting algorithm
3 ofdiamonds

would appear
1 2 3 4 before 3 ofclubs.

Note is=2,j1 =4

i =2 j =4 iz =1,jz =4

initial is =2,j3 =4

x a

Letin and is
oftheforlor

the19thiterationtheactitsattheartentE
Before,the firstiteration I

1. for

2. key *Atj] from; 2 I

Suppose for the inductive hypothesis
3. itj- 1
0

&

S I lizithatis- jk. We will show thatitifet 4.
while is0 and Ati]Key:

5. A[i+] =A [i]

↳.&Ifneither Alix] or AIjis] are being 7. A [+1] &key
inserted intothe sorted portion L

already inportneithers press
in the 4th iteration leither both

~

either ik+1=im and 91 =

I
- (neither moves (jit;

OR 1,=(ix)*) and jia=[IK)+1fboth shifted downt
spot

② IfAtip] is in the sorted portion and ATjr] is NOT

being inserted
in the 4th iteration then:

ikn+jk +,
=jkI E

lik) +1 oR

-

13 unit,n stays

&IfAtjr] is being inserted, then by thewhile loop condition on linet,
jk+ik +1

Note:by the inductive hypothesis, couldn'thave Atjr) inserted
and not
Atik].
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6 Divide and Conquer 
• Divide the problem into subproblems similar to original but smaller in size 

• Conquer each subproblem recursively 

• Combine solutions to subproblems 

Example (Mergesort) 

 

⑪
-00

E->*
~r
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6.1 Mergesort (CLRS §2.3) 

 

 
 
 
 
 
 
 

6.1.1 The Merge Subroutine 

Description of the algorithm, or more English version of pseudocode: 
 
 

To merge sorted arrays L[1 ... m] and R[1 ... p] into array C[1 ... m+p] 
Maintain a current index for each list, each initialized to 1 
While both lists have not been completely traversed: 

Let L[i] and R[j] be the current elements 
Copy the smaller of L[i] and R[j] to C 
Advance the current index for the array from which the smaller element was selected 

EndWhile 
Once one array has been completely traversed, copy the remainder of the other array to C 

repeated
elements &

stability-- you'll prove ic
HW 2.

0 ⑧
MERGESORT (A[1...n])

MERGESORT(A [1.. - z])
MERGESORT (A [E+1...n])
MERGE ATI ... ] and AT2+1...n]
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1 i 
2 j 
3 for k = 1 to 
4 if 
5 C[k] 
6  i 
7 else 
8 C[k] 
9 j 

 
 

6.1.2 Proof of Correctness of Merge 

Loop invariant: 
 
 
 
 
 
 
 
 
 

• Initialization: 

m
=L length
--- P=Rlength

MERGF(L, m, R, p, C) // (T1 ...m) and RE....p] are sorts
-1

-- 1
check thatin bounds of

m +P ~

L[i] = R5j] and im
the array h

i
=([i]

if j = P
=RIj]

=i+1

ili-j +1

Atthe startof the 4th iteration [[1...K-1]
contains the K-1 smallest elements of2 and R

in sorted order

These elements are from (51...:-1] and RT1 ... j-1]

(Base case)
i =j

=k =1 =C is empty so C

contains the 0 smallestelements of

Land R in sorted order.

So theinvariantholds.



Desmos slide3:Mergesorton

14512 4

I #

1 A

#E

⑰
Ent #

- -
#14 Att

W
Att /
↳

15/14
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• Maintenance: 
 
 
 
 
 
 
 
 
 
 
 
 

• Termination: 
 
 
 
 
 
 
 
 
 
 
 
 
 

6.1.3 Running Time of Merge 

 

i =2

currentiteration laprettiteration)
Assumethe invariantholds for ili
the 4th iteration and

(withoutloss ofgenerality) ([i) =R5j]
Then (ii) is the smallestamong iiielements from Land R notcopied

yetinto
C. c5l

therefore since; and K are

incremented, the invariant
holds in

the nextiteration.

After thelastiteration
K =mtp+1 and

i =m +1,j =p+1,so C contains all

(k-1 =m=p) elements ofLand Rin
sorted order.

Seeofstartsatonere
(worstcase)

-(m+p) m,p- sizes ofsubarraysof A[1...n]

⑦ (n) complexity for AtI...n]



 

 

CLRS §2.1-2.3, 3.1, 4.3-4.5, 7.1-7.2  

page 13 

 

6.1.4 Back to Mergesort: Correctness, Running Time, Recursion Tree 
~

So far justdidMerge

Ecorrectnessfollowsfrom correctness ofMerge and
using induction on thesize ofthearray.
in generositealgoring toprove correctness of

Runningtime:use
recurrence -describe runningtimeIs.

in terms ofrunning time on smaller inpu

LetTn) be
therunning

time on a problem ofsizen.

- really, (2)
and

T(n) =2T(z)
+2n +c, L /Eig C
e n en

floor
-merge

divide
ceiling

OR if n =1 -
T(n) = T() =2T(z) +2.

splicity S if n1 I
-

mbrofabprobe
es

sizeof
O(n) sinformal buthelpfull

subproblem ↓
recurrence:Recursion tree expansion.

Method ofsolving 20 =1

⑫-level 0 =>

I -= )-en levelt =
2"=2 nod

-
④-T)level-22:

4nodl

-2
havenodes↓ )()TTT)T)T() level i will

en& Tevel =>21092odes---- loga
>= =N



I leaves (= 21092(n))
Notethe depth isat11 since we stat
-

let and govellogz(n)

[For loqu(n) we also use Ig(n)]
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So overall runtime is: 

Proof of time complexity 
Claim. For large enough c1 > 0, and for all n ≥ 2, T(n) ≤ 

Proof sketch. 

Merge
sortis better

than
insection sort. S logiesin enoughthe&

Mn)
=(Loge(n) +1) *(r =cnlogen +cn

-
=

O(nloq2nT
worstcase and

average case 3logne
determined

Base case
-

T(2) =2T() +c.2 =25(1) +c.2
=

20 +c.2

n
=2

:in the righthand side of(*) =
4C

canlogh
=

c,2 log22
=

2,2 =

2

A29, (Take a, , 2C)
Assume by induction that(*) holds for n=K.

Then for m
=K:

T() =2))+ck
=2e(t)/ck using

the inductive

hypothesis onI
=

e, Klogz(E) + CK T() =eiloqe(z)
=c,k(logzk -q2? Ick
= c,k(logz(k) - 1) +2K

=C,klogz(K) -2,K +2K

=Klogz) *K(2,-2) C,,2C
u

=C, Klog() 70 =2, -2,0

2, -c - 2>0
--

.T(K) =0(Klogk) (Simoto showt)



show

T(n) =22 (nlog n)
i.e. Ilog fora suff large
T() =2T(*) +cn

Y
-
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7 Solving Recurrences 
We are exploring the algorithm design technique known as Divide and Conquer. We’ll see 
various algorithms that use this technique. 

Running time analysis of such algorithms naturally involves recurrences since we may state 
the running time in terms of the running time on smaller inputs. Let's think more about solving 
recurrences to help us determine the running time of such algorithms! 

 
7.1 Using the Recursion Tree Method (CLRS §4.4) 
Example T(n) = 2T(n/2) 

 
+ cn2, T(1) = c 

 
 
 
 
 
 

Example T(n) = 2T(n/2) + c, T(1) = c 

[Hw2a4]

0 Desmos slide38: Ulogh
+(2) =2T() +c(z) =2TE)erel an hei~ ch2 level O
->↑Frdey -

en need

logee I
4 i nee/ I / & level2

2

↓
en
s emin

subproblems

Te 10

T(1)
&# ofunities

ofBusinessatHalogen
afteral

I

-
-

n x2=()intotal steps
across a levels

↳
-wl)e

steps per i =0

subproblem =en Zgzeng mifric
atleveli wenca sea

awores:
-eie++..(It)"an2 when i =logzlns
e

2

=(logan =n!en
2 #ye=on2-en --cn
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7 Solving Recurrences 
We are exploring the algorithm design technique known as Divide and Conquer. We’ll see 
various algorithms that use this technique. 

Running time analysis of such algorithms naturally involves recurrences since we may state 
the running time in terms of the running time on smaller inputs. Let's think more about solving 
recurrences to help us determine the running time of such algorithms! 

 
7.1 Using the Recursion Tree Method (CLRS §4.4) 
Example T(n) = 2T(n/2) 

 
+ cn2, T(1) = c 

 
 
 
 
 
 

Example T(n) = 2T(n/2) + c, T(1) = c 

&
->T(n) =O(n2)

& -> T(n) =E(n>Len -> T(m) =onlogIn))
r+1

Ear=(

leve 10
Total #

-- -
↑

, levels W
levell

loge

(n)+ C c -x
109

C C 2EgeI /
↳ -

i=0
W

↓ , , 1/2
- ,a

C cc[222
-82

leveliz2"ex
-: +(1) - NC

Aninleaves



Polleverywhere
⑳ -> 3" problems

in I problems

((I) c(I) -(7)
2 -3

-

/ I ->3
/N Sin ThIn) problemsI

meY imsien) TH) ()

T(n =35(5) I en2
>

How many
leaves do we end up with?

⑪ Whatis the lastlevel?

log4n

is the size of
thesubproblem

atleveli

n
=4d

=d =logy
=last level

② Atleveli, we have 3problems

granin'ems"now'magas we haves0



logb
=ylogs

a

a
*

helpful for
analyzing
8 bounds

(big-oh)
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7.2 The substitution method (CLRS §4.3) 
Example 

T(n) = 4T(n/2) 
 
+ n, T(1) =  

HW205

T() =4T(y)+
e

⑧ +(4)
=

4T()+
1

#nodes -

-

- multiplying#
1 =40 new, n ofproblems

b

Me level 1
and dividing

4 =4I -->4 =2n size of
problems

loqz(n)+ 1~
by2.

164④.
. . .

.

. .

.

esb-4nI [4"nodes-leveli]- level

C y4

1->

Entires.(e
⑭logz(n)

Guess T(n) =0 (n2).

Attempts.CNC for 230, 0x2
-

:n
=2. Using therecurrence,

T(2) =4T(K+2
Base case =4 +2 =b

T(u) = cr2 -> for n =2 ↳4c, so picke, 23
e

Inductive step:Suppose Tn)=ch2 for 2=n=K
consider I(k) =4TE) +k

by the inductive=4((E +K hypothesis

2)WRONG!
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7.2.1 Careful with asymptotic notation and bogus proofs! 

⑱N
Note:We need the exactform ofthe inequality to
completetheinduction, because I cannotdepend-
on K.

-

[HW3]
⑪Tr =2TE) in e MergesortRuntime

Mn) =0 Inlogn)
"Claim"(n) =0 (n)

"proof" (k)
=2TE)+K (Assume true for n =K(

(inductive) = 20(k +k =ok!!step
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7.2.2 Ceilings and floors  
 
Example 

 
T(n) = T( én/2ù ) + 1, T(1) = 1 

[HW3]



side3

slide t



T() =2742) +cn T(n) =2TE) +cr2
en - cn

/ W 2 - an
er 2-an are - anI I

S W / / ↳
2- am -Ica

,, ,, , 1294/2
i

:
T(I ........ T(I)-cn TII ... TI -Ch

T(n) =2TE) +2

-
-

C c- 2

- -

ca c- 32

, 2x/2
!

I

........ ... -nC
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7.3 Master Theorem (CLRS §4.5) 
Let a ≥ 1 and b > 1 be constants, f(n), T(n) a function defined on natural numbers by the recur- 
rence: 

 

T(n) = aT(n/b) + f(n) 

We interpret n/b to mean either ⌈n/b⌉ or ⌊n/b⌋. Then, T(n) has the following asymptotic bounds: 

1. If f(n) = O(nlogb a–ϵ) for some constant ϵ > 0, then T(n) = Θ(nlogb a). 

2. If f(n) = Θ(nlogb a), then T(n) = Θ(nlogb a log n). 

3. If f(n) = Ω(nlogb a+ϵ) for some constant ϵ > 0, and af(n/b) ≤ cf(n) for some constant c < 1 
and all sufficiently large n, then T(n) = Θ(f(n)). 
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Example Use the Master theorem to solve the following: 
1. T(n) = 9T( én/3ù ) 

 
+ n 

2. T(n) = T( é2n/3ù ) + 1  
3. T(n) = T( én/2ù ) + n2 

What is an example of a recurrence that does not fit the form of the Master theorem? 

Desmos slides 6 - 9
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8 Quicksort (CLRS §7.1, 7.2) 
Idea: 

 
 
 
 

Example 
 
 
 
 
 
 
 
 
 
 
 
1 k=PARTITION 
2 QUICKSORT 
3 QUICKSORT 

 
8.1 Partition 

 
1  pivot 
2  i 
3  for j = 1 to n-1 
4 if A[j] 
5 
6 i 
7 
8  RETURN i 
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8.2 Correctness of Partition (and Quicksort) 
Loop invariant: 

 
 
 
 
 

• Initialization: 
 
 
 
 
 

• Maintenance: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Termination: 



 

 

CLRS §2.1-2.3, 3.1, 4.3-4.5, 7.1-7.2  

page 23 

8.3 Running Time of Partition and Quicksort 

 


