CLRS §2.1-2.3,3.1,4.3-45,7.1-7.2

Insertion Sort, Proving Correctness, Run time analysis, Merge
Sort, Quick Sort

1 Introduction to Sorting - Insertion Sort (CLRS §2.1, 2.2)
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Goal: Spy L in  non dz_c(ms(nj orde(.

How do we write the algorithm?
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2 Proof by Induction, Loop Invariants, and Proving
Correctness

* Proof by induction: We want to prove some statement P(n) for integers n > 0. (o( né N\

1. Base case: P(o\/e_ P((s) oV P(\} "e)m"/

2. Inductive step: n=HA-1

e . . ino\u(;\-lv(_ MPe%,aSiS v Assume P(n) holds '&( RS
Show

=l , X

PR) | ¢ Goal: Show F;%(A\) halelS L=l K. Shvorgjinkeki

;%MD WARNING ¢ Do N6T aSsSume PlK+) and “wole. back oS
h & ke shademend fpl M fmal poof

3. Conclusion: P(n) holds for all integers n > 0. b;,’ ?ﬂnM‘Q\L TQ
m et webcal. nducton !

* Loop invariant: A property that holds throughout the execution of the algorithm

1. Initialization: |00 invarient holds Prige o Hhe Hrgr tevation "L
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2. Maintenance:

1f dhe ep variont s uﬁ an (-Xeixkdﬂ
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Wevohon .

3. Termination: When the loop terminates, the invariant gives useful property that
helps show that the algorithm is correct.

Our loop invariant for insertion sort:
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2.1 Proof of correctness of Insertion Sort
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3 Introduction to analyzing running times

Example
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3.1 Running time of insertion sort
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Big-O (Asymptotic) Notation: Motivation

Motivation Why do we use it?

Which one below is easier to read?

ist containing n items in time at most

4 ~=

containing n items in time at most

Cn2for some constant C > 0

Algorithm A sorts a list containing 7 items in time 0(n2)
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= \wrge inputsizes
4 Growth of Functions and Asymptotic Behavior (CLRS §3.1)

Goal: Establish notation that enables us to compare the relative performance of different

algorithms. 2 :;\ ree ! F)nc:l\'or\ Lﬁy\fa,(-c;:;?)m COY@'\‘&\‘\‘P}
. v/‘
@ Definition -\T(n) = O(g(n))\ means there exists ¢ > 0 such that T(n) < cg(n) for sufficiently
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-\T(n) = O(g(n)Xmeans there exists ¢4, ¢co such that c1g(n) < T(n) < cog(n) for sufficiently
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4 Growth of Functions and Asymptotic Behavior (CLRS §3.1)

Goal: Establish notation that enables us to compar?'< tcl']ve relative £en’ormanc ) N

algorithms. Tn)= S.En2+ 7.789n  <€n . Tln
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Lovdel bz pmplicake!
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Example 3n3 +5n2 + 10643n € ©( n> ) %’5
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e Lol
%@(ﬁ’hbﬂ Q/Xﬂ% 6!1 >
5 Using a Loop Invariant to Prove Stablllty g‘g’lﬂﬁ Hy of Mefqzw"'

Definition A sorting algorithm is stable if objects with equal keys appear in the same order in
the sorted output as in the unsorted input.
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6 Divide and Conquer

Example (Mergesort)

» Conquer each subproblem recursively

+ Combine solutions to subproblems

+ Divide the problem into subproblems similar to original but smaller in size

43
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6.1 Mergesort (CLRS §2.3) Yepealed
sorted sequence e,(a,m,uvl-g .Y
SRR A U AR Atk 27500 (L6 26 Stalaldy-
AW t,, Wu' I\ prove in
* merge " H W A.
/-\ a L 0y,
I NP S 2 6 |22 L3 0.6
| ———

MERGE SRT (ATI...n3)
MeRGESRT(ATI-- 21)
MERGESMT (A2 +l .. n])

MERGE A1 2] aned A[Zel.. =)

6.1.1 The Merge Subroutine

Description of the algorithm, or more English version of pseudocode:

To merge sorted arrays L[1 ... m] and R[1 ... p] into array C[1 ... m+p]
Maintain a current index for each list, each initialized to 1
While both lists have not been completely traversed:
Let L[i] and R[j] be the current elements
Copy the smaller of L[i] and R[j] to C
Advance the current index for the array from which the smaller element was selected
EndWhile
Once one array has been completely traversed, copy the remainder of the other array to C

page 10
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m-= ]. . IMJH’)

MERG’F(L)M»R;P)CD

11 & 41

2 j&— 1

3 fork=1to m tp .

4 f L[] ¢ RT§) and  £m

5 Clk] €= LTi] Lﬁ» 2 - S
6 P L |2 | G,

7 else if 5_4. P J | 2? 3 4 P4
o cnwerid gl 3% []u

9 ¢ gl — ——L 1

6.1.2 Proof of Correctness of Merge

Loop invariant:

Ar e Stk ol e K deratan C[I... k-]
containg Fhe K-l Seallest- elemeds & ) and R
in hrdeal ofdkey

These elemants are fom \_K\ -1) and R}l S-—l]

+ Initalization: (BASL € aQL)
[:S:V\’i = C is amply C
CW“'NV\C +he 0 SW\AH(g‘\— e\q__wu/w\'g o-‘;
L o R oin Srked ofckf.

o M in vaviant helds .

page 11



Desmos slide 3 - szoySo/al— 00

|\ Y S | 2 .
NN 2]
[EHE PR
./
@ED

T




CLRS §2.1-2.3,3.1,4.3-45,7.1-7.2

L=--n

cu{(ml—i-hfa—kon( “’Ck'/l—emkon L[] y ﬂms
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* Termination:
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W
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So tal &'.m dd mergl

6.1.4 Back to Mergesort: Correctness, Running Time, Recursion Tree
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7 Solving Recurrences

We are exploring the algorithm design technique known as Divide and Conquer. We’'ll see
various algorithms that use this technique.

Running time analysis of such algorithms naturally involves recurrences since we may state
the running time in terms of the running time on smaller inputs. Let's think more about solving
recurrences to help us determine the running time of such algorithms! L\—j

[#w2 8

7.1 Using the Recursion Tree Method (CLRS §4. 43"_ z
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7 Solving Recurrences

We are exploring the algorithm design technique known as Divide and Conquer. We’'ll see
various algorithms that use this technique.

Running time analysis of such algorithms naturally involves recurrences since we may state

the running time in terms of the running time on smaller inputs. Let's think more about solving
recurrences to help us determine the running time of such algorithms!

7.1 Using the Recursion Tree Method (CLRS §4.4)
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7.2 The substitution method (CLRS §4.3) ,_%J U(F( \) 1,:%_)
Example éﬁ /K Lf) LI—T( ’*
4o mida = 4T(n/2) (=1
6 ey uthplying =
n | - vl D . mn%(% :
( / [NT— el 1 And. diving
LA - T S
2 A
el A AN
LWIZ ) \/\\\ \ \\leuzll [(;‘%:UW\

T A o

— (,( Y C{
[ Yrrodss | el J— -

. [eve(
, [232/)
. GL ﬂ

T(‘) ” L/

\_/_Y a

( a2 ](62(7’0 N

% ok laves ( l] = sz - n®

horlempt 3 T 0D e 70,123 =470+ 2

. <, —{1h e (Q(}LA/(QV\CL
PASL (Ase  NZ A W ‘/‘ﬂ - U= (,
L v 2
Ty Lot Shea-2 bENe, @ P Lz

Awﬂw\/zs\@ S\A pose TI(m) £ cn? for 2<n <K
M@gy\ga&a\/ ﬂ/(K) 4T(—/>ﬂ/\
< Y+
Z KT k(= 9(,«"‘)

o WG |

\p‘ﬁ e \,’\ duchve




CLRS §2.1-2.3,3.1,4.3-4.5,7.1-7.2 . N

Nl - WL hatd e axact fum ob ~he ine g N b
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m A

7.2.1 Careful with asymptotic notation and bogus proofs! L H—\/\[ 5>, j

D Tm= 2T(E)+ 7 K/\/“WP"(*Q“W
"Claim"  ~n) = On) T lnlgn)

fm{} TH)> g)+4% (Assone Afw BC_NZK)
(indyes10) 22 0+ = O(K)

page 17



CLRS §2.1-2.3,3.1,4.3-45,7.1-7.2

7.2.2 Ceilings and floors [j > ]

Example T(n)=T([n/21)+1, T(1) =1
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Substitution method for solving recurrences Sy S

Try using substitution to show T'(n) < cn? for the
recurrence T(n) = 4T( % )+n2.

(it doesn't work out!)

Bogus proofs n Sh &l Dr
E“j‘ll(lf HOAX! T(n) = 2T(§) "

: oy claim: T(n) = O(n)
E?E£1%E] B ts : ./-‘EH proof: T(k) = 27( £ ) +k=20(k) + k= O(k)
D l{"N‘f l‘l}_bﬁ?ﬁ? Hm... that doesn't seem right, especially since we said

T(n) = O(n log n) . What's wrong with the proof above?
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7.3 Master Theorem (CLRS §4.5)

Leta > 1 and b > 1 be constants, f(n), T(n) a function defined on natural numbers by the recur-
rence:

T(n) = aT(n/b) +f(n)
We interpret n/b to mean either [n/b] or [ n/b]. Then, T(n) has the following asymptotic bounds:
1. If f(n) = O(n'°% @=€) for some constant € > 0, then T(n) = ©(n'°% ),
2. Iff(n) = ©(n'°9 @), then T(n) = ©(n'°% 2 |og n).

3. If f(n) = Q(n'°% 3*€) for some constant € > 0, and af(n/b) < cf(n) for some constant ¢ < 1
and all sufficiently large n, then T(n) = O(f(n)).
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Temes dides  [o—

Example Use the Master theorem to solve the following:
1. T(n) = 9T([n/3]) +n

2. T(n) =T(I2n/31]) + 1
3. T(n) =T([n/2]) + n2

What is an example of a recurrence that does not fit the form of the Master theorem?

page 20



CLRS §2.1-2.3,3.1,4.3-45,7.1-7.2

8 Quicksort (CLRS §7.1, 7.2)

Idea:

Example

k=PARTITION
QUICKSORT
QUICKSORT

w N -

8.1 Partition

pivot

[

forj=1ton-1
if A[j]

RETURN i
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8.2 Correctness of Partition (and Quicksort)

Loop invariant:

* |nitialization:

* Maintenance:

* Termination:
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8.3 Running Time of Partition and Quicksort
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