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> each arm’s average reward is sampled from an unknown
distribution, and each arm can be sampled further to obtain
noisy estimates of the average reward of that arm

» We consider a general class of distribution functionals g(F).
For the special case of median estimation, we identify a
curious thresholding phenomenon

Goal

We aim to fine-grained analysis this thresholding behavior for
median estimation.
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Definition 1 (Indicator-based functionals). The functional g
can be represented as

g(F) =E[X | X e 5(F)]

for some set S(F), where X ~ F. The set S(F) is defined as
follows:

S(F) = [F_l(ozl), F_l(az)] s 0 S (e5] S (6] S 1.

Functionals For Median J

For median case, a1 = ap = %
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Assumptionl There exist constants ¢, > 0 such that
> |F"(x)] < ¢ for |x—median(F)| < e.
Comment:

» The assumption precludes the distribution from being
dumbbell-shaped.
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Le Cam’s two-point lower bound
> Let F; and F;, be two distributions with |g(F1) — g(F2)| > 2¢,
> Le Cam's two-point lower bound gives:

. R 1
inf sup Pr(|g§—g(F)l>¢)>exp | — Dki(prr || Pr.F)
& Fe{F,R) 4

Goal: Upper Bound
where in the offline algorithm, p, F = (F * N'(0,1/m))®".

Key quantity
Let F denote the set of distributions satisfying Assumption 2
KL,(£) 2 min {DKL(Fl « N(0,02) || Fa % N'(0,02)) :

F.Fe F, [F{Y(1/2) — FH(1/2) > 28}.
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» (Wang, Y., Baharav, T. Z., Han, Y., Jiao, J., Tse, D. (2022).
Beyond the best: Estimating distribution functionals in
infinite-armed bandits.) have proved:

For e € (0,1/4), KL,(g) can be characterized as follows:

KLy(e) e {1 G ifo s e
< C(0,k)e" if o >el/270,

where 6 € (0,1/4), k € N are arbitrary fixed parameters
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Cie?, Ge?]  if o < cel/?
KLy (e) e 418 C=] e
< C(0,r)e" if o >el/270,
Intuition behind the thresholding phenomenon:

» When o = O(e'/?), the "bandwidth” of F; — F, exceeds that
of N(0,0?), and the convolution is effectively using A(0, 0?)
as a Gaussian kernel (which preserves polynomials up to order
2) for smoothing F; — F .

» When o > £1/2, the “bandwidth” of F1 — F> could be smaller
than A(0,02), and the convolution is effectively using

F1 — F> as a kernel(which could preserve polynomials up to
any desired order) for smoothing N(0, o2).
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Finer characterization

In this project, we improved the result to be following
0(e?) if e > 0?2,

KL, () = { e" exp[-O(Z)] if 0% < e < 02
exp[—© <ﬁ Iog(‘%))] if e < o*

Note

For the second region, we have not achieved exact characterization.
Yy
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Characterize Upper bound

We could upper bound KL, (), by the its x? distance, similar
strategy as (Yihong Wu and Pengkun Yang 2020):

(4

|0'2J

KL(P,Q) < X*(P, Q) S

_]>l

where P = 11 % N(0,02), Q = v * N(0,0?), u, v are two probability

measure supported on [—1,1], and N(0,0?) is a centered gaussian

with variance o2, A is the jth moment difference between P and Q
V.
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Proof.

> Write densities of two mixture distributions v * N(0, 0?) and
V' % N(0, 0?) are

F(x) = [ ¢(x — u)dv(u) = $(x) X5y Hj(g)'"g-ﬁ”{,
g(x) = [ o(x — u)dv/(u) = ¢(x) ¥z Hi(2) ™2,

> apply Jensen's Inequality and some simplification we have

g(x) > ¢(x) exp(—0?/2).

2
- 3 N, ¢ (O, ) = [ (F2E0)°
2

o2 . 2 o .
< TR |:(2121 HJ(Z)AmJ) :| —e2 ZJZI (ﬁ(f#lfv

jlo2k
where Z(0,1) and the last step follows from the orthogonality
of Hermite polynomials: E[H;(Z)H;(Z)] = j'1{i—j;-

—
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With previous upper bound model, we now can upper bound
KL, (¢) by following strategy:

o (mi(F) = mi(F2))? (mi(F1) — mi(F2))?

KLo(e) 5 ,Z; o] o2kl

where we set my(F1) = my(F1)...my_1(F1) = my_1(F2),
supp(F1) = supp(F2) = [-1,1]

Optimization Step
Vk = max fol f(x)dx

1']loe 21
st: 1 ; i
Jo, f(x)x'dx = 0,for i = 1...k.
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Duality Step

By setting g = f’, optimization problem now becomes:
Vk = max f_ll g(x)(x v 0)dx
g

llg]loo <1
1, g(x)xidx = 0, for i = 1._.k.

1 k ) 1
Vk = max inf [/ g(x) <X\/0—Zaixl) dx : |lg|lee = l,/ g(x)x"dx 3
g ana,.nak | f_q 1

st:

I
o
L —

i=1 -
1 k
< inf  max |:/ g(x) <X\/O—Zaixi) dx, |lg]le = 1:|
a1,a2,.., ak g 1 -1
K
< inf xV0— Za;xi

i=1

L1[—1,1]
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Ly estimation step

, < 1

B . . h H _ k_ ol ~ k2-38

y approximation theory (|x V0 — )", aix o) > %
By median difference assumption, we required

2
2V, = 52 ~ Vi(t) > e, so we have tmin = k+/€, then:
F1)—my(F2))? k\/€)?

KLy (e) =< (mi( 32k’:!k( ) < (U;{i)! - (%)k
We know that k* ~ %2 t* = % which divide this upper bound

into two region for t* < 1lor t* > 1
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We now construct a strategy for lower bound KL, (&), by the its
Hellinger distance.

) - (L)z g AZ A_j2
KL(P,Q) > H*(P,Q) 2 Y 2 Jne“Jth?f
Jj=1 4 t2

Here is proof sketch:

Proof.
» Observe KL(P, Q) > H*(P, Q) < [P - \f = [ (p=a)® -

ptqg =
(f F(dp=da)® _ (= (Eolf]—Eqlf])?
[P(dptda) — “UP E[FTHE,[F]

» Then we use Hermite polynomial approximate
(Ep[f] — Eq[f])? and E,[f?], Eq[f?]

D)
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By Cauchy-Swartz inequality, 3{w;}, then the optimization
problem becomes

1 t K ) 2
VK 2 mae <m> (/_tjglef(x)xjdx>
1 t k t
mwajx <m> (/7:()( V 0)h(x)dx + ( ; xjdx - /7t(x Y 0)h(x)dx)>

2
1 .
- — D wpd T - 0
mwajx (Zf:o szjlo‘zfA/(G')> (5 I ; wj max(x )HLl[—t,r])

A B

(Y

\%

L; estimation
Ly estimation tells us || 32, wjx/ ! — max(x, 0)[|11(-1,1) < =5, and in

L2 .
order to make B = £2, we then require % = &, which means k ~

o

Approximation theory itself gives us w; = O(t~/)
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Then we left with the characterization of A, for e < o*:

0.4
g

1 1 )
. <Z'k:o %21!021'%‘1(0)) = (horrzye = TPz ()

J

Combined with upper bound, for this region, we have then proved

KL,(g) < exp[—© <\2 |0g(ag4)>]

ot <e<o?

We conjectured that KL,(g) =< & exp[—@(”;)]

4
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Local Moment Matching

With small support t, the characterization is more delicate. We
. 2
observe a following trade-off that (t ~ i’—@)

KL(1) = max(KL(£) - exp(~ )

Goal: try to find the optimal t* that balance this trade-off

Difference of Distributions and Gaussian Curve

— nn
--- Gaussian

L E 0 2 a I3
Value
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